In a previous article, we reduced the unsolved problem of the convergence of Collatz sequences, to convergence of Collatz sequences of odd numbers, that are divisible by 3. In this article, we further reduce this set to odd numbers that are congruent to 21 mod 24. We also show that either the Collatz sequence of a given odd number or an equivalent Collatz sequence reverses to a multiple of 3. Moreover, we construct a network composed of Collatz sequences of all odd numbers.
The sequence c i is called a Collatz sequence with starting number A. The Collatz conjecture says that this sequence will eventually reach the number 1, regardless of which positive integer is chosen initially. The sequence gets in to an infinite cycle of 4, 2, 1 after reaching 1. For the rest of this article, we will ignore the infinite cycle of 4, 2, 1, and say that a Collatz sequence converges to 1, if it reaches 1. The Collatz conjecture is an unsolved conjecture about the convergence of a sequence named after Lothar Collatz. A comprehensive study of the Collatz conjecture can be found in [2] , [3] , and [4] .
In this article, like in [1] , we focus on the subsequence of odd numbers of a Collatz sequence. This is because every even number in a Collatz sequence has to reach an odd number after a finite number of steps. Observe that the Collatz conjecture implies that the subsequence of odd numbers of a Collatz sequence converges to 1. If two Collatz sequences become equal after a finite number of terms, we say they are merging sequences. We say two Collatz sequences are equivalent if the second odd number occurring in the sequences are same.
Let A be an odd number. If A > 1, write A = 2 k N + 1 such that N is an odd number and k ≥ 1. In Section 2, we prove if k = 2 then Collatz sequences of A and N are equivalent; if k > 2 then Collatz sequences of A and 2A + 1 are equivalent; and finally, if k = 1, then the Collatz sequence of A either merges with the Collatz sequence of N or 2A + 1.
Let A be a positive integer. In [1] , we defined a sequence in the reverse direction defined as follows. The reverse Collatz sequence r i of A is given by
if r i−1 ≡ 1 mod 3 and r i−1 is even; 2r i−1 if r i−1 ≡ 1 mod 3 and r i−1 is even;
We say that a reverse Collatz sequence converges if the subsequence of odd numbers of the sequence converges to a multiple of 3. Let A be an odd number. We showed in [1] (also see Section 2) , that the Collatz sequences of A and 4A + 1 are equivalent. In [1] , we conjectured that the reverse Collatz sequence of every number converges. Though, we cannot prove that conjecture yet, in Section 3, we show that the reverse Collatz sequence of either A or 4A + 1 converges. We also discuss how the convergence of the reverse Collatz sequences of A, 2A + 1, and 4A + 1 are related in Section 3.
Given an odd number A, in Section 4, we show that the Collatz sequence of A is equivalent to an odd number of the form 24t + 21, where t ≥ 0. This result reduces the unsolved problem of convergence of Collatz sequences to the set of odd numbers that are divisible by 3 and are congruent to 21 modulo 24.
Finally, in Section 5, we construct a network of diagonal arrays which contain the Collatz sequences of all odd numbers.
2 The coupling of the Collatz sequences of A and 2A + 1.
In this section, we discuss the merging of the Collatz sequence of an odd number N with the Collatz sequences of 2N + 1 and 4N + 3.
where P is an integer and d ≥ 1, then we say that A is a jump from P of height d. If P ≡ 1 mod 4, then d is the maximum height of A.
Example 2.1. 53 = 4 × 13 + 1 = 4 2 × 3 + 4 + 1 is a jump from 13 of height 1 and a jump from 3 of height 2. 2. For some r ≥ 0, a r ≡ 1 mod 4, and
. . , r, and a r+1 = 3a r + 1 2 k , for some k ≥ 2. 
Proof. By part (2) of Proposition 2.1, there exists an integer r, such that n r+1 = (3n r + 1)/2 k where k > 1. Since r is the smallest such number, we have n i =
for 0 ≤ i ≤ r. Therefore, substituting n 1 = (3n 0 + 1)/2 and m 0 = 2n 0 + 1, we get
Now (3m 0 + 1)/2 is odd because 2n 1 + 1 is an odd number. Therefore, m 1 = (3m 0 + 1)/2 = 2n 1 + 1. Repeating the above argument we prove that m i = 2n i + 1 for i ≤ r.
Since
3m r + 1 = 3(2n r + 1) + 1 (substituting m r = 2n r + 1) = 2(3n r + 1) + 2 (rearranging terms)
we get (3m r + 1)/2 = 2 k n r+1 + 1 is an odd number. Therefore m r+1 = (3m r + 1)/2 = 2 k n r+1 + 1. Consequently, (3m r+1 + 1) is divisible by 4, hence m r+2 = (3m r+1 + 1)/2 j such that j > 1.
If k = 2, m r+1 = 4n r+1 + 1, hence m i = n i for i > r + 1 by part (1) of Proposition 2.1.
Again, since l 0 = 2m 0 + 1 and m i = (3m i−1 + 1)/2 for i ≤ r + 1, we repeat the above arguments to conclude that l i = 2m i + 1 for 0 ≤ i ≤ r + 1.
and 3m r+1 + 2 is an odd number, we get
. Consequently,
From equations 1 and 2, we get l r+2 = 4m r+2 + 1. Again, by part (1) of Proposition 2.1, we get l i = m i , for i > r + 2. 
Thus, in this case, the Collatz sequence of 15 merges with the Collatz sequence of 7. We say that the reverse Collatz sequence of A is trivial if A is the only odd number in its reverse Collatz sequence. We now record some properties of a reverse Collatz sequence given in Proposition 1 of [1] . 
The only odd number that can be a jump from another odd number in a reverse
Collatz sequence is the starting number of the reverse Collatz sequence. 
2(
Proof.
If A ≡ 0 mod 3, consider the four following situations: k is even and A ≡ 1 mod 3 implies B ≡ 2 mod 3; k is even and A ≡ 2 mod 3 implies B ≡ 0 mod 3; k is odd and A ≡ 1 mod 3 implies B ≡ 0 mod 3; k is odd and A ≡ 2 mod 3 implies B ≡ 2 mod 3.
By part (2) of Proposition 3.1, p 1 exists only if B ≡ 0 mod 3. Consequently, when B ≡ 2 mod 3, by part (2) of Proposition 3.1,
Finally, if A ≡ 0 mod 3, then B ≡ 1 mod 3. Therefore, by part (2) of Proposition 3.1, We use induction to prove that f i = 2p i + 1, if p i ≡ 2, for i > 1. Assume the hypothesis is true for i = r, that is p r ≡ 2 mod 3 and f r = 2p r + 1. Consequently, f r ≡ 2 mod 3. Therefore, by part 2 of Proposition 3.1, p r+1 = (2p r − 1)/3 and f r+1 = (2f r − 1)/3. This implies
If
A ≡ 0 mod 3, write A = 3 n B such that n ≥ 1, and B is an odd number such that B ≡ 0 mod 3. Then, for i = 1, 2, . . . , n, q i = 2 2i+1 (3 n−i B) + 1 and f i = 2 2i+2 (3 n−i B) + 1. If B ≡ 1 mod 3, then q n ≡ 0 mod 3. On the other hand, if B ≡ 2 mod 3, then f n ≡ 0 mod 3.
Let
A ≡ 0 mod 3. Then the following conditions are true. (a) For some k ≥ 1, p k ≡ 2 mod 3. If p k ≡ 1 mod 3, then p k = 3n + 1 and p k+1 = 4n + 1 for some even number n.f i = 2p i + 1, for 1 ≤ i ≤ k. If p k ≡ 0 mod 3, then f k+1 = 2 3 p k 3 + 1. On the other hand, if p k ≡ 1 mod 3, then f k ≡ 0 mod 3.q i = 2p i + 1, for 0 ≤ i ≤ k. If p k ≡ 0 mod 3, then q k+1 = 2 3 p k 3 + 1. On the other hand, if p k ≡ 1 mod 3, then q k ≡ 0 mod 3.
Proof.

If
Therefore, it follows by induction that f i = 2p i + 1 for 1 ≤ i ≤ k. If p k ≡ 0 mod 3, then since f k = 2p k + 1, we get by Corollary 3.1 that f k+1 = 2 We repeat the induction argument in part (2b) to get q i = 2p i +1 for 0 ≤ i ≤ k. Again, by Corollary 3.1, if p k ≡ 0 mod 3, since q k = 2p k + 1, we get that q k+1 = 2
On the other hand, if p k ≡ 1 mod 3, then q k ≡ 0 mod 3.
4 Reduction of the Collatz conjecture to odd numbers that are congruent to 21 mod 24.
Let A be an odd number. In this section, we show that the Collatz sequence of A is equivalent to an integer of the form 24t + 21 where t ≥ 0. Thus, b 0 is a jump of height 3 from A.
Now, let p 1 denote the odd number that comes after A in the reverse Collatz sequence of A. Then by Equation (3), we get
Like before, we see that 12p 1 + 9 = b 0 which is a jump of height of 2 from A, when A ≡ 1 mod 3, and a jump of height of 1 from A, when A ≡ 2 mod 3.
Thus, b i is a jump of height 1 from a i .
Finally, let
Then 4 2 a i + 4 + 1 = 12a i−1 + 9 = b i is a jump from a i of height 2.
When k = 2 the Collatz sequence of a i−1 is equivalent to the Collatz sequence of P . By the definition of P , r = 2. If r > 2, then a i = (3P + 1)/4, and if r = 1, a i = (3P + 1)/2. We repeat the above argument and get that b i is a jump of height 2 from a i when when k > 2, and a jump of height 1, otherwise.
Thus, for any i, b i is a jump from a i . Hence, the Collatz sequences of a i and b i are equivalent.
3. Since a i is odd, when k = 1, a i ≡ 3 mod 4. Therefore
When k > 2, a i ≡ 1 mod 4. Therefore, b i+1 = 12a i + 9 = 3(4a i + 3). Let k = 2, then r = 2 by definition of j i , and
Corollary 4.1. 
Given an odd number a, the Collatz sequence of a is equivalent to an integer of the form
24t + 21 where t ≥ 0.
Proof.
1. Applying Theorem 4.1, we get that the Collatz sequence of a is equivalent to the Collatz sequence of an integer of the form 12d + 9 where d is an odd number. Write d = 2t + 1 such that t ≥ 0. This gives us the desired result.
2. This result is a direct application of Theorem 4.1. 5 Network of Collatz sequences.
In this section, we construct a network of diagonal arrays which contain the Collatz sequences of all odd numbers. 
1. Since n ≡ 1 mod 3, u 0 = 4n + 1 ≡ 2 mod 3. If u i ≡ 2 mod 3, then u i+1 = 2u i + 1 ≡ 2 mod 3. Consequently, u k ≡ 2 mod 3 for all k ≥ 0. 5. When j ≥ 1, v 0,j = u j . We know from Part 2 that v i,j ≡ 3 mod 4 if i = j. Therefore, the odd number that comes after v i,j in the Collatz sequence of v i,j is (3v i,j + 1)/2. We do not compute the odd numbers that come after v i,i in this part. Hence, assume that j > i.
For k ≥ 1, let z k be defined as follows:
Then, by definition, for j > i, v i,j = 2 j−i v ii + z j−i−1 , and Consequently, 3v i,j + 1 2 = v i+1,j .
This implies v i+1,j is the odd number that comes after v i,j in the Collatz sequence of v i,j . Hence, for j ≥ 1, the j-th column is the first few odd numbers in the Collatz sequence of u j . 7. If n is even, then v 0,0 = 2 k n + 1 such k > 2. By Part 3b of Proposition 2.1, a 0,0 = 2 k−2 3n + 1 ≡ 1 mod 3. Moreover, a 0,0 = (3v 0,0 + 1)/4. Therefore, by Theorem 2.1, v 1,1 = 4a 0,0 + 1. a 0,0 is smaller than both v 0,0 and v 1,1 . Now the proof proceeds by induction. Assume for k ≥ 0, a 2k,2k ≡ 1 mod 3, v 2k+1,2k+1 = 4a 2k,2k + 1, and a 2k,2k is smaller than both v 2k,2k and v 2k+1,2k+1 . Since a 2k,2k is odd, by part 3 of Proposition 2.1, a 2k+1,2k+1 = (3v 2k+1,2k+1 + 1)/2 j where j ≥ 3. By Theorem 2.1, v 2k+2,2k+2 = 2 j a 2k+1,2k+1 + 1. Hence, a 2k+2,2k+2 = (3v 2k+2,2k+2 + 1)/4. Again, by Theorem 2.1, v 2k+3,2k+3 = 4a 2k+2,2k+2 + 1. We see that a 2k+2,2k+2 is smaller that v 2k+2,2k+2 and v 2k+1,2k+1 . Hence, the proof.
When n is odd, by part 3 of Proposition 2.1, a 0,0 = (3v 0,0 + 1)/2 r , such that r ≥ 3. Therefore, by Theorem 2.1, v 1,1 = 2 r a 0,0 + 1. Hence a 1,1 = (3v 1,1 + 1)/4 which implies v 2,2 = 4a 1,1 + 1. Moreover a 1,1 = 2 r−2 3a 0,0 + 1 ≡ 1 mod 3. We also see that a 1,1 is smaller than v 1,1 and v 2,2 . Now, we apply a similar argument, as in the n is even case, to show that for k ≥ 1, a 2k−1,2k−1 ≡ 1 mod 3, v 2k,2k = 4a 2k−1,2k−1 + 1, and a 2k−1,2k−1 is smaller than both v 2k−1,2k−1 and v 2k,2k
Proof. Given an odd number u i ≡ 2 mod 3, let u i−1 = (u i −1)/2. This sequence eventually reaches a number that is congruent to 1 mod 4, because it is strictly decreasing. Moreover, u i ≡ 2 mod 3 for all i. Thus, every u i ≡ 2 mod 3 occur in one of the diagonal arrays defined in Theorem 5.1. Now consider an odd integer a ≡ 2 mod 3. By Part 2a of Theorem 3.1, the reverse Collatz sequence of a reaches a number that is not congruent to 2 mod 3. Hence, the result.
